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A Superelement Component Dynamic Synthesis Method 

M. L. Soni 

A method i s  presented f o r  coupling a broad class of canponent 
dynamic models i n  the  manner of direct  s t i f f n e s s  assanbly and 
i s  implanented i n  a general  matrix manipulation program. 

INTRODUCTION 

A number of methods have been developed i n  t h e  past t o  accomplish t h e  basic 

Hurty [2,3] proposed that the connect degrees of 

ob jec t ives  of the method. 
these methods are charac te r ized  by t h e  way the  component dynamics i s  input  and 
coupled t o  ad jacent  canponents. 
freedom (DOF) of a component were f i x e d  or  had a zero  displacement. He then  
pa r t i t i oned  the  modes of the s t r u c t u r e  i n t o  r i g i d  body modes, c o n s t r a i n t  modes, and 
normal modes. 
i n t e r f a c e  method by d iv id ing  canponent modes i n t o  only  two groups: c o n s t r a i n t  modes 
and normal modes. Bamford [SI added attachment modes t o  improve t h e  convergence of 
the  method. 

These methods are surveyed i n  detai l  i n  El] .  Each of 

Cra ig  and Bampton [41 proposed a s i m p l i f i c a t i o n  of Hur ty ' s  f i x e d  

Goldman [SI developed the free i n t e r f a c e  method, employing only r i g i d  body 
modes and free-free normal modes i n  canponent dynamic representa t ion .  
technique e l imina te s  the computation of s ta t ic  cons t r a in t  modes, but  their  advantage 
is negated by the poor accuracy of the method. 
Goldman's f r e e - i n t e r f a c e  method i n  which no d i s t i n c t i o n  i s  made between r i g i d  body 
modes and free-free normal modes. 
combining free i n t e r f a c e  and f i x e d  i n t e r f a c e  methods t o  reduce the order  of t he  
s t i f f n e s s  and mass matrices f o r  ind iv idua l  subs t ruc tures .  The reduct ion procedure 
requi res  the knowledge of topological arrangement and dynamics of a l l  the ccmponents 
i n  t he  model. 
introduced i n e r t i a  and s t i f f n e s s  loading  of canponent i n t e r f aces .  The use of loaded 
i n t e r f a c e  modes is shown t o  have supe r io r  convergence characterisics. 

This  

Hou [71 presented a v a r i a t i o n  of 

Gladwell C81 developed lfbranch mode ana lys i s"  by 

I n  order t o  account fo r  ad jacent  canponents Benfield and Hruda C91 

MacNeal [ lo]  introduced the use of hybrid modes and i n e r t i a  relief modes f o r  

I n e r t i a  relief attachment 
canponent mode synthes is .  
a combination of f i x e d  and free boundary condi t ions .  
modes are attachment modes f o r  canponents with r i g i d  body freedans. 
included r e s idua l  i n e r t i a  and f l e x i b i l i t y  t o  approximate the s t a t i c  con t r ibu t ion  of 
t h e  t runca ted  higher order modes of a canponent. 
f l e x i b i l i t y  approach f o r  free i n t e r f a c e  method by introducing higher order  
co r rec t ions  t o  account f o r  t he  t runca ted  modes. 
developed the combined experimental and a n a l y t i c a l  method introduced by MacNeal. 
Hintz [131 discussed the  impl ica t ions  of t runca t ing  var ious mode sets and developed 
guide l ines  f o r  r e t a i n i n g  accuracy wi th  a reduced s i z e  model. 

Hybrid modes are subs t ruc tu re  normal modes canputed with 

MacNeal also 

Rubin [ l l ]  extended the  r e s idua l  

Klosterman [121 more f u l l y  

PRECEDING PAGE BLANK NOT FILMED 
187 



I Recent research has centered on the canparis ion of the var ious methods. Baker 
C141, f o r  example, compares the constrained and free-free approach using 
experimental techniques and a l s o  i n v e s t i g a t e s  using mass a d d i t i v e  techniques and 
measured r o t a t i o n a l  DOF C151. 
the  best method f o r  r i g i d l y  connected f l e x i b l e  s t r u c t u r e s .  
constrained method produced the best result. 
f ree  method t o  be accura t e  f o r  r e l a t i v e l y  s t i f f  structures connected wi th  f l e x i b l e  
elements. 
least  as accurate when r e s idua l  effects are accounted f o r .  These conclusions are 
i n t u i t i v e  because t h e  type of boundary condi t ion  imposed i n  the a n a l y s i s  that best 
represents  the boundary of the assembled s t r u c t u r e  provides the bes t  accuracy i n  the  
modal synthes is .  

broadening the  d e f i n i t i o n  of t h e  admissible func t ions  proposed by Hurty [ l  1. 
technique i s  app l i cab le  t o  both continuous and discrete s t r u c t u r a l  models. 
geane t r i c  c a n p a t i b i l i t y  condi t ions a t  connection i n t e r f a c e s  are approximately 
enforced by t h e  method of weighted r e s idua l s .  

This  i nves t iga t ion  was motivated by a need t o  f i n d  

Klosterman C161 has shown t h e  f r e e  
I n  t h i s  connection, the 

This  supports  Rubin's conclusion [ l  1 1 t h a t  t he  f r ee f r ee  method is  a t  

Meirovitch and Hale [161 have developed a general ized syn thes i s  procedure by 
This  

The 

The method due t o  Klosterman [12] has been implemented i n  an i n t e r a c t i v e  
computer code SYSTAN C171 and tha t  due t o  Hert ing [18] is a v a i l a b l e  i n  NASTRAN. 
l a t te r  is the  m o s t  general  of t he  modal syn thes i s  techniques.  
of an arbitrary set of component normal modes, i n e r t i a  r e l i e f  modes, and a l l  
gecmetric coordinates  a t  connection boundaries. Both the f ixed- in te r face  method of 
Craig and Bampton, and the  MacNeal's r e s idua l  f l e x i b i l i t y  method, are special cases 
of the general  method. Other analyses  presented i n  t he  l i terature based on modal 
syn thes i s  techniques are not  incorporated i n t o  general  s t r u c t u r a l  a n a l y s i s  codes. 

The 
I t  allows r e t e n t i o n  

I 

It is desirable t o  have a synthesis method t o  couple d i f f e r e n t  types  of 
component dynamic models i n  a s e t t i n g  such as t h a t  of the f i n i t e  element method so 
as t o  be able t o  r e a l i z e  the best advantages of both the canponent syn thes i s  methods 
and the convenience and g e n e r a l i t y  of the f i n i t e  element method. 
such a c a p a b i l i t y  arises when d i f f e r e n t  types of dynamic models are used t o  
represent  the var ious canponents of a s t r u c t u r e .  
need t o  improve accuracy of ccmponent dynamic r ep resen ta t ion ,  a v a i l a b i l i t y  of a 
c e r t a i n  kind of data, etc. Her t ing ' s  work 1181 meets sane of these objec t ives .  The 
procedure presented here in  permits a broader class of component models i n  the manner 
of d i r e c t  s t i f f n e s s  f i n i t e  element assembly and can be implemented i n  a general  
mat r ix  manipulation program. 

The need f o r  a 

This  var iance is dictated by the 

A p r inc ipa l  f e a t u r e  of the work developed here is the component dynamic model 
reduct ion procedure that  leads t o  an exact  and numerically stable synthes is .  
order t o  a f f e c t  component coupling, n e i t h e r  the  s p e c i f i c a t i o n  of ex terna l  coupling 
sp r ings  nor an user-specif i e d  s e l e c t i o n  of independent coordinate  is required.  
Exis t ing  syn thes i s  procedures suffer fran these drawbacks. 
considered inc lude  f r ee - f r ee  normal modes with o r  without i n t e r f a c e  loading ,  up  t o  
second order  s t i f f n e s s  and i n e r t i a  connections accounting f o r  t h e  effect of modal 
t runca t ion ,  f i x e d  i n t e r f a c e  modes, and a l s o  the physical coordinate canponents. The 
model reduct ion procedure involves  i n t e r i o r  boundary coord ina te  t ransformations 
which e x p l i c i t l y  r e t a i n  connection i n t e r f a c e  displacement coordinates  i n  the reduced 
component dynamic representa t ions .  
modal, or any admissible coordinates .  
rfsuperelement" because they are a gene ra l i za t ion  of the conventional f i n i t e  elements 
of s t r u c t u r a l  mechanics. The problem of canponent dynamic s y n t h e s i s  is then reduced 
t o  the assembly of the superelement. 

I n  

Canponent dynamic models 

I n t e r i o r  coordinates  may include physical ,  
Canponents i n  t h i s  reduced form are termed 

The direct s t i f f n e s s  approach and a l l  
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subsequent processing opera t ions  of the f i n i t e  e lenent  method are then appl icable .  
The formulat ion,  implementation and v e r i f i c a t i o n  aspects of t h e  superelement 
component dynamic syn thes i s  method are presented i n  the  fol lowing sec t ions .  

SUPERELEMEIJT MODEL REDUCTION 

The procedures f o r  reducing component dynamic models t o  a form involving 
physical DOFs of the connection i n t e r f a c e  nodes p lus  sane a d d i t i o n a l  DOFs related t o  
the  i n t e r i o r  nodes are der ived i n  the fol lowing.  
t h i s  reduced form possess a structure similar t o  that  of the displacement f i n i t e  
element method and are therefore termed superelements. Four types  of component 
dynamic models are considered: ( 1 )  f i n i t e  element model; ( 2 )  f i x e d  i n t e r f a c e  modal 
model with s t a t i c  cons t r a in t  modes; (3) f ree  i n t e r f a c e  modal model w i t h  r e s idua l  
f l e x i b i l i t y  attachment modes; and ( 4 )  f ree  i n t e r f a c e  model with noma1 modes. The 
l a s t  type may a lso include any general  admissible shape vec tors  and corresponding 
dynamic matrices as long  as c e r t a i n  requirements f o r  matr ix  p a r t i t i o n i n g  and 
i n v e r t i b i l i t y  are satisfied.  A system may involve any combination of the above 
types of canponent dynamics model s i n c e  the  models are reduced t o  a c m o n  form 
before assenbly.  

The component dynamic models i n  

The f i n i t e  element and the constrained i n t e r f a c e  modal models n a t u r a l l y  
conta ins  the connection i n t e r f a c e  DOES and are a l ready  i n  the requi red  superelement 
form. Constrained i n t e r f a c e  modal model based superelenent  syn thes i s  i s  treated i n  
[191. The free i n t e r f a c e  modal model with r e s idua l  f l e x i b i l i t y  attachment modes is 
reduced t o  the superelanent  as fol lows.  Expressing component displacements - X i n  
pa r t i t i oned  form can be wi t ten  as 

where $I and G - are re spec t ive ly  the  normal mode and r e s idua l  f l e x i b i l i t y  attachment 
mode matrices, & and 

- - - 
are t h e  associated general ized coordinates ,  and t h e  

qubscr ip ts  B and 0 refer t o  the  boundary and other DOFs. 
reduct ion t r ans f  onnat ion,  fol lowing Martinez [20] s o l v e  the  lower par t i  t i o n  

To obta in  t h e  superelenent  
- 

(1)  for c&. Thus, 

s u b s t i t u t i n g  the above i n  Eq .  ( 1 )  leads t o  the superelement form associated 
re s idua l  f l e x i  b i l i t $  attachment model: 

of Eq. 

(2) 

wi th  the 

The general ized coordinates  gK are now the p a r t i c i p a t i o n  f a c t o r s  of the  modified 

‘Odes ($KO - - :OB G-’ =BB 4, -KB ) .  The i n t e r n a l  p a r t i t i o n s  of the modified normal modes are 
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i n  effect free i n t e r f a c e  normal mode p a r t i t i o n s  minus a set  of cons t r a in t  modes 
i n t e r n a l  p a r t i t i o n s  and therefore represent  modes constrained a t  boundary degrees of 
freedom. The superelanent  equations of motion are obtained by transforming the 
canponent modal equat ion of motion a s  

are general ized mass and s t i f f n e s s  -1 -1 
where JBB = GBB !BB !&B ,and EKK - and ~ K K  

mat ri ces respec t ive ly  , 
associated wi th  the r e s idua l  f l e x i b i l i t y  attachment modes. 
canponent general ized mass and s t i f f n e s s  matrices by the cont r ibu t ions  fran the  
r e s idua l  f l e x i b i l i t y  of the deleted modes is clearly seen i n  t h e  above equat ion.  

represent  component displacements,  the  superelement reduct ion i s  obtained f ran a 
p a r t i a l  invers ion  of t he  modal mat r ix  as described i n  t he  following. 
free i n t e r f a c e  normal mode t ransf ormat i on 

gBB and YBB are the general ized s t i f f n e s s  and m a s s  
The modif icat ion of the 

I n  the event on ly  a t runca ted  set of free i n t e r f a c e  normal modes is used t o  

Consider the 

where gKO and gKB a r e  (n  xm ) and (nBxmK)size partieions of the component modal 
matr ix  corresponding t o  t h e  i n t e r i o r  and boundary degrees of freedom & and 5,  
respec t ive ly .  

- - 0 K .  

Consider the  lower por t ion  of Eq. ( 5 )  

and p a r t i t i o n  gm - i n t o  a nonsingular i n v e r t i b l e  square matr ix  gKB1 - and remainder 

which r equ i r e s  that  the number of kept modes be g r e a t e r  than the number of boundary 
degrees of freedan. Solving the  above equat ion f o r  &1 gives 

and 
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or 

q = T  - =2 

% 

.. 

(9)  

the general ized coordinates - qK2 are c a l l e d  reduced modal coordinates s ince  they are 
assoc ia ted  w i t h  modified modes as  seen i n  the  above equation. 
Eqs. ( 6 )  and (91, a n e t  transformation f r a n  physical coordinates  - X t o  free i n t e r f a c e  
normal mode superelement coordinates can be wr i t t en  as 

Canbining transform 

where $KO1 and iKQ are p a r t i t i o n s  of - 
generated i n  Eq. (8 ) .  
i n t e r f a c e  modal models, and the  transformation of Eq. ( 4 )  f o r  res idua l  f l e x i b i l i t y  
model modal, t he  l e f t  and right p a r t i t i o n s  of the transformation of Eq. (10)  may be 
in t e rp re t ed  as expressing modal matrices of modified normal modes and boundary 
cons t r a in t  modes, respec t ive ly .  The canpnen t  equations of motion i n  superelanent 
coordinates (42, $) can be obtained using the transform of Eq. (1 1 

created using the  pa r t i t i on ing  information 
Analogous t o  the  R i t z  transformation f o r  constrained 

as 

using physical coordinate component model, o r  

Sq l l  =q12 

Eq21 iq22  

+$ T [  K 1  

from modal coordinate  model. 
matrices are used t o  include the case where the columns of the modal matrix i n  Eq. 
(12)  are not orthogonal. 
nonorthogonal with respect t o  the o r i g i n a l  unloaded m a s s  and s t i f f n e s s  matrices, f o r  
example.). 
representa t ion  given i n  Eqs. (9) through (12) is obtainable  fran any given free 

I n  the above the general ized nass and s t i f f n e s s  

(Mass and s t i f f n e s s  loaded c a n p n e n t  modes are 

Further ,  i t  is t o  be emphasized again that  t he  reduced modal 
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i n t e r f a c e  llmodalll representa t ion  provided the p a r t i t i o n i n g  condi t ions lead ing  t o  
Eq. (8)  can be met. 
modes. The on ly  necessary condi t ion  is that  they be l i n e a r l y  independent, adequate 
i n  nunber, and be fran a canplete s e t ,  i .e.,  a l i n e a r  canbinat ion of them should be 
capable of represent ing t h e  deformation shapes of the component undergoing motion 
within the canpound of the bui l t -up  system. 

The columns of modal matr ix  i n  Eq. ( 5 )  need not be normal 

SUPERELEMENT SYNTHESIS 

The reduct ion procedures described i n  the  preceding sec t ion  y i e l d  c a n p n e n t  
models with a common characteristic: the boundary degrees of freedom are e x p l i c i t l y  
re ta ined  and t h e  i n t e r n a l  degrees of freedom are transformed t o  reduced general ized 
coordinates .  
as 

The equations of motion of a superelement component can be expressed 

or 

Each component subs t ruc tu re  of a given bui l t -up  system can be expressed i n  the above 
format. Analogous t o  the  matr ix  equat ion of a displacement based f i n i t e  element 
model, t h e  general ized coordinates  may be i n t e r p r e t e d  as i n t e r n a l  DOFs. Assuming 
t h a t  the global s t r u c t u r e  as pa r t i t i oned  i n t o  N canponents, the  assanbled global 
matrices y, $, 5 r e l a t i n g  the global displacement vec tor  X and the global fo rce  
vec to r  F can now be synthesized by the direct s t i f f n e s s  approach fran the component 
matrices of Eq. (13).  
displacement and nodal equi l ibr ium of forces a t  the connection i n t e r f a c e s  of 
ad jacent  components, t hus  

The direct s t i f f n e s s  approach pos tu la tes  equal nodal 

No c a n p a t i b i l i t y  condi t ions 
remain i n t a c t .  The coupled 

m m 

e x i s t  among the  reduced general ized coordinates  and 
system coordinate vec tor  thus becanes 

- 
rn 

so tha t  the global  nass, damping, 

m 

and s t i f f n e s s  matrices are given by 

where B(') is  the portif in of the 
c o r r e s b n d i n g  t o  t h e  a componenr;. 

a=l 

component t o  global  t ransformation matr ix  6 
I 

= 

E J  . . . . .  L* - Y being the  vector  of uncoupled superelement coordinates.  
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and 
boundaries of the component a. 

form. 

represent ing  the  c o m p a t i b i l i t y  condi t ions  for  the degrees of freedom at  the 

The bui l t -up  system m a s s ,  damping, and s t i f f n e s s  matrices are of the fol lowing 

a ( 29 
=qq 

.. 0 .. d 
- 
- - 

(19) 

where the  c o e f f i c i e n t s  a!?) are the m a s s ,  damping, o r  s t i f f n e s s  c o e f f i c i e n t s  
matrices give 
submatrices g 
the  compnenfgqand are uncoupled f r a n  other components. 

n Eq.  ( 1 4 3 ,  and A is the  corresponding global matrix.  The diagonal 
Pa3 i n  Eq. (19)  corFespond t o  the  reduced general ized coordinates  of 

The submatrices are symmetric and i n  general  f u l l y  populated. 
equat ions can be expressed as 

The sys t an  governing 

which itself is i n  a superelement form s ince  t h e  systan basis coordinate  X conta ins  
the boundary degrees  of freedom e x p l i c i t l y .  
s tandpoin t  of coupling the  system of Eq. (20) t o  a higher l e v e l  superelement. 
recovery of component displacements f r a n  the system displacement vec tor  - X i s  
simply a back  s u b s t i t u t i o n  and t ransformation process. 

This  is p a r t i c u l a r l y  useful. fran the 
The 

NUMERICAL EXAMPLE AND CONCLUSIONS 

The above formulat ion is implmented as a pre- and post-processor t o  a general  
matr ix  manipulation canputer program. T h e  following presents a sample synthesis 
problem involving free i n t e r f a c e  and residual f l e x i b i l i t y  modal models 
the developed software t o  demonstrate its working. I n  Figure 1 the canponent A 
represents  a lumped parameter model of an aircraft, while that  labeled B represents  
a model of a store t o  be attached at  t h e  t i p  of t h e  w i n g .  The types of dynamic 
models employed fo r  each component are as follows. For Aircraft: ( 1 )  free i n t e r f a c e  
normal modes followed by a t ransformation t o  superelement coordinates ,  and (2) Free 
i n t e r f a c e  normal modes p lus  a residual f l e x i b i l i t y  attachment mode followed by a 
t ransformation t o  superelement coordinates.  
normal modes follawed by superelement coord ina te  t ransformation,  and (2) physical 
coordinate  model. 
MacNeal Method and Rubin Method of synthes is .  
shown i n  Table 1 .  
bu i l t -up  system without p a r t i t i o n i n g .  
mode sets of the canponents leads to  exac t  system syn thes i s  as expected. 
Superelement method using severe ly  t runca ted  c m p n e n t  mode set along wi th  residual 

solved using 

And f o r  the Store: ( 1  ) free in t e r f ace  

For canparison purposes the problem is also solved using e x i s t i n g  

The exac t  r e s u l t s  are obtained by so lv ing  the  eigenproblem of the 
The r e s u l t s  of the synthesis are 

The superelement syn thes i s  using complete 
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f l e x i b i l i t y  a t tachment  modes p r e d i c t s  system f r e q u e n c y  w i t h  an accuracy b e t t e r  t h a n  
I t h a t  of t h e  MacNeal method and equal  t o  t h a t  of t h e  Rubin 's  second o r d e r  method. 

I t  m u s t  be no ted  t h a t  i n  t h i s  s t u d y  d i f f e r e n t  t ypes  of component dynamics 
inodels are s y n t h e s i z e d  by v i r t u e  of t h e  supe re l emen t  fo rmula t ion ,  and t h a t  t h e  
accu racy  of system s y n t h e s i s  is e n t i r e l y  governed by t h e  type  of ccmponent dynamic 
models and not  by t h e  coupl ing  procedure.  

TABLE 1 DIRECT AND SYNTHESIZED SYSTEM NATURAL FREQUENCIES (RADS./SEC) 

MODE EXACT SUPERELEMENT MACNEAL R U B I N  
NO. FREQ. SYNTHESIS METHOD METHOD 

A B ( B) (B)  
1 0. 0. 0. 0. 0. 
2 52.41 7 52.41 7 52.41 8 52.41 9 52.41 8 
3 69.348 69.348 69.829 69.886 69.829 
4 72.81 a 72.81 8 291.697 504.67 291.697 
5 418.029 418.03 
6 775.678 775.678 

A :  
B: ( 1  Rig id  body + 1 e las t ic  + 1 r e s i d u a l  f l e x i b i l i t y )  mode of t h e a i r c r a f t  

( 1  Rig id  body + 4 elastic) modes of t h e  aircraft 

1 A  
M 

k l A  M2A k2A M3A k3A 4A 
M 

k4A 5A 
M 

1s M 
k l S  M2S 

9 = 400 9 m2A = 36 2 A  I l oo  m -  = 0.1 
k:; 1 %fOOO , k2A = 120,000 , - 100,000 : = 50,000 
m = 0.2 , m2S = 0.4 9 k:! = 2,000 1s 

Fig .  1 Lumped Parameter A i r c r a f t - S t o r e  System 
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